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Chapter 2

Controllability

Higher order necessary optimality conditions for singular extremals are due to Goh, Kelley, and others; see
the survey article [10]. The higher order maximum principle is due to Krener [21] and Hermes [15]. The en-
largement technique exists in a heuristic form in Hirschorn [16], but was conceptualized by Jurdjevic-Kupka
[18] and fully exploited to get controllability conditions for right-invariant systems on Lie groups. The prob-
lem of rigidity is everywhere-present in the literature about the abnormal problem in calculus of variations,
see for instance Bliss [3]. It also appears in the article [4] in control theory and the neat analysis concerning
this problem is due to [1].

Lie brackets play a crucial role in analyzing the controllability properties of nonlinear control systems, and
the regularity properties of optimal trajectories.

2.1 Notation from Differential Geometry

We denote by M a smooth (C* or C*) manifold of dimension n, connected and second countable. We
denote by TM the fiber bundle and by T*M the cotangent bundle. Let V(M) be the set of smooth vector
fields on M and Dif f(M) the set of smooth diffeomorphisms.

Definition 1. Let X € V(M) and let f be a smooth function on M. The Lie derivative is defined as:
Lxf=df(X). If X, Y € V(M), the Lie bracket is given by

ad X(Y)=[X,Y] =Ly oLx — Lx o Ly.

If v = (x',--- ,2™) are a local system of coordinates we have:
n 6
X(z) = ZXi(x)@
i=1
Lf(@) = L x(@)
0X oy
X, Y)() = S (@)Y () — S (@)X ()

The mapping (X,Y) — [X,Y] is R-linear and skew-symmetric. Moreover, the Jacobi identity holds:
(X Y, 2l + [V, [Z, X]] + [, [X, Y]] = 0.

Definition 2. Let X € V(M). We denote by z(t,x0) the mazimal solution of the Cauchy problem &(t) =
X(x(t)), x(0) = xo. This solution is defined on a mazimal open interval J containing 0. We denote by
exptX the local one parameter group associated to X, that is: exptX(xo) = x(t,z9). The vector field X is
said to be complete if the trajectories can be extended over R.

Definition 3. Let X € V(M) and p € Dif f(M). The image of X by ¢ is p* X = dp(X oo~ 1).
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We recall the following results.
Proposition 1. if X, Y € V(M) and ¢ € Dif f(M), we have:
1. The one parameter local group of Z = —p x X is given by:

exptZ = poexptXop!

2. ox [ X, Y] =[pxX,oxY]
3. The Baker-Campbell-Hausdorf (BCH) formula is:
expsX exptY =exp((X,Y)

where ((X,Y) belongs to the Lie algebra generated by [X, Y| with:

S S 2 82
CX,Y) = X + 1Y + Et[X7Y] + %[[X,Y],Y] _ T;[[X,Y],X]
XY

the series converging for s,t small enough in the analytic case.

4. We have
exptX expeY exp —tX = expn(X,Y)

with n(X,Y) =¢ > tk—k!ade(Y) and the series converging for €,t small enough in the analytic case.
k>0

5. The ad-formula is:
th
exptX «Y = Eade(Y)

k>0
where the series is converging for t small enough.
Definition 4. A polysystem D is a family {Vi;i € I} of vector fields. We denote by the same letter the

associated distribution, that is the mapping x — Span{V(x);V € D}. The distribution D is said to be
involutive if [V;,V;] C D,VV;,V; € D.

Definition 5. Let D be a polysystem. We design by D a5, the Lie algebra generated by D. By construction
the associated distribution D 4y, is involutive. The Lie algebra D a5, is constructed recursively as follows:

Dy = Span{D},
Dy = Span{D; + [D1, D1]},

“ey

Dy, = Span{Dy_1 + [D1, Dy_1]}

and Dag, = Ug>1Dy. If x € M, we associate the following sequence of integers: ni(x) = dim Dy(x).

2.1.1 Controllability with Piecewise Constant Controls

Definition 6. Consider a smooth system on M, given in local coordinates by
z(t) = f(x(t),u(t)), =z(@t)e M, wult)eUCR™ (2.1)

The set of admissable controls u(-) is the set U of piecewise constant mappings. If x(t, xo,u) is the solution of
2.1 associated to u(-) starting at at x(0) = xo, we denote by A(wo,T) the accessibility set Uy, yeyx (T, 2o, u)
in time T and A(xg) the accessibility set U, ycyx(T,x0). The system is controllable if for each xo € M we
have A(zg) = M.
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Example 1. Consider the problem of a car parallel parking. The state of the car is given by its position and
x

rotation: ¢ = |y | € R? x S'. The car can drive forward and backward at a bounded speed and can also
0

turn. This allows two controls u,v with (u,v) € [—=1,1] x [=1,1] to determine the possible trajectories of the

vehicle. The system can thus be described as:

T cos 0
y|=|snb [u+|0]o (2.2)
0 0 1
cos 6 0
Denote F1 = | sinf | ,Fo = | 0| and F5 = [Fy, F3]. The computation of F3 is as follows.
0 1
OF, OFy
F3=[F,F)=—F——F
3 = [F1, [] 9 2 9
0 0 cosf 0 0 0O cos 6 —sinf
=10 0 sinf 0]—({0 0 O sinf | = | cosé@
00 O 1 0 00 0 0

As the rank of D a1, (Fy, Fy, F3)(q) = 3, which is the same as the dimension of the manifold in which q resides
(R? x S1), we will see that this system is controllable. This is due to the Lie bracket allowing movement in
a new direction (F3).

Definition 7. Consider a control system 2.1 on M. We can associate to this system the polysystem D =
{f(,u);u constant ,u € U}. We denote by St(D) the set

k
Sr(D) = {expt;Vi -+ exptpVis k €Nt; > 0and Y t; =T,V; € D}
i=1
and by S(D) the local semi-group: Ur>oSt(D). We denote by G(D) the local group generated by S(D), that

is
G(D) ={expt; V1 ---exptpVi; k € N, t; € R, V; € D}.

Properties.
1. The accessibility set from x( in time T is:
A(xo,T) = S7(D)(z0).
2. The accessibility set from x( is the orbit of the local semi-group:
A(zo) = S(D)(z9).

Definition 8. We call the orbit of xy the set O(xo) = G(D)(xo). The system is said to be weakly controllable
if for every xo € M, O(xz) = M.

2.1.2 Integrating Distributions

Let D be a polysystem and D 41, the Lie algebra generated by D. We consider the distribution A : x — D 4yp..
It is an involutive distribution and the problem of integrating A at a point xg is to find a submanifold N,
containing xy such thtat for each y € N, TyN = A(y). It is a generalization of the Cauchy problem for
integrating a single vector field. Here, we are presenting two results:

1. If near xg the rank of A is constant, then we have the Frobenius Theorem which is a generalization
of the theorem of linearization of a smooth vector field X near a regular point.

2. If the rank is not constant but if the vector fields of the polysystem are real analytic, then the result
is still true. It was proved by Nagano-Sussmann.

The proofs of both are radically different.
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2.1.3 Frobenius Theorem

Theorem 1. (Frobenius Theorem) Assume that the rank of the distribution A is constant near the point
2o : rankA = p. Then there exists a local coordinate system x = (z!,- - ,:c”) such that A is genemted by

{6%1’ sy Bx"} In particular near xq the integral manifolds are given by x* constant, fori =p+1,--- ,n.

Proof. The proof is standard and is a reccurence on p.

If p = 1, then locally A = RX where X € V(M), X (z9) # 0. We use the linearization theorem for
ordinary differential equations.

If p > 2, then locally A = Span{Y1,---,Y,}. We choose a coordinate system y = (y',--- ,y™) centered
at xg such that Y, = 6%1. Consider the following p vector fields Z,--- , Z, of A defined by

Zy =Y, Ze =Y — (Ly,y" 1,2 <k <p.
By construction Lz, y' = 0 for 2 < k < p. Hence locally Zj is tangent for 2 < k < p to the submanifold

S :y' = 0. Therefore there exist (p — 1) vector fields V; on S which are the restriction of the vector fields
Zy to S. They define on S an involutive distribution A of rank (p — 1). We use the reccurence assumption

which asserts that there exists on S a local coordinate system z = (z1,--- | 2™) such that

A = Span{Vs,--- \Vu} =8 { 0 }

= Span{ Vs, an Sy, —— b
p 2 k b 022 2P
We can define a local coordinate system centered at xy by
11 P i .
r =y, =2, 2<i<n.

We claim that A = Span{Zi,---,Z,} coincides locally with the flat distribution Span{%, e ,B%}. To

prove it, it is sufficient to check that
Lz a’t" =0forr>1and 1 <k <p.

1. For k=1 : since Z; = we have Ly, 2' = 0 for i > 2.

_9_
81‘1 )
2. For k > 2 : first of all we observe that

0
@(szxp-i-r) =Lz, (Lkap+T)~

Since Lz, xPT" = 0, we can write

a T T
@(Lkam_ ) = L[Zk-,Zl](mp+ )

and we know by construction that
(21, Z)] € Span{Z;;j = 2}.

Hence we can write

8 p
a— (Lz, 2Pty = Z)\] LZ Pt

Jj=

where the \; are scalar. It is a linear differential equation with respect to z'. For 2! = 0, we have

Zy = Vi and by construction Ly, xP*" = 0. Since the solution of a linear system with values 0 at
2! = 0 is the identically zero solution, we have Lz, 2P = 0.

O




Optimal Control Theory Summer 2015

2.1.4 Nagano-Sussman Theorem

See [30]. When the rank condition is satisfied (rankA = constant) we get from the Frobenius theorem a
description of all the integral manifolds near . If we only need to construct the leaf passing through =z
the rank condition is clearly too strong. Indeed, if D = {X} is generated by a single vector field X, there
exists an integral curve through zy which is locally Lipschitz. For a family of vector fields this result is still
tru if the vector fields are analytic.

Theorem 2. (Nagano-Sussman Theorem) Let D be a family of analytic vector fields near xog € M and
let p be the rank of A : x — Dar(x) at xg. Then through xo there exists locally an integral manifold of
dimension p.

Proof. Let p be the rank of A at zy. Then there exists p vector fields of Dar : Xi,---, X, such that
Span{X1(zo), -+, Xp(x0)} = A(zp). Consider the mapping

a:(ty, -, ty) —expti Xy - exptpyX,(xo).

It is an immersion for (t1,--- ,tp) = (0,---,0). Hence the image denoted by N is locally a submanifold of
dimension p. To prove that N is an integral manifold we must check that for each y € N near xg, we have
T,N = A(y). It is a direct consequence of the equalities

Dap(exptX;(z)) =dexptX;(Dar(x)), t=1,---,p

and x near g, t small enough. To show that the previous equalities hold, let V(x) € D4r(z) such that
V(xz) = Y (z). By analycity and the ad-formula for ¢ small enough we have

k
(dexptX)(Y () = 3 %adei(Y)(exp £X0(2)).
E>0

Hence for ¢ small enough, we have
(dexptX;)(Dar(x)) C Darp(exptX;(z)).

Changing ¢ to —t we show the second inclusion. O

2.1.5 (C*-Counter Example

To prove the previous theorem we use the following geometric property. Let X,Y be two analytic vector
fields and assume X (o) # 0. From the ad-formula, if all the vector fields are ad®* X (Y'),k > 0 are collinear
to X at xg, then for ¢ small enough the vector field Y is tangent to the integral curve exp ¢t X (xg).

Hence is is easy to construct a C*°-counter example using flat C*°-mappings. Indeed take f : R — R a
smooth mapping such that f(z) = 0 for z < 0 and f(z) # 0 for x > 0. Consider the two vector fields on
R?: X = % and Y = f(x)a%. At 0, Dyy, is of rank 1. Indeed, we have [X,Y](x) = —f’(x)a% =0 at 0 and
hence [X,Y](0) = 0. The same is true for all high order Lie brackets. In this example the rank Dz, is not
constant along exp tX (0), indeed for x > 0, the vector field Y is transverse to this vector field.

2.1.6 Nonlinear Controllability and Chow Theorem

Theorem 3. (Chow). Let D be a C™-polysystem on M. We assume that for each x € M, Dap(x = T, M).
Then we have
G(D)(x) = G(Dar(z)) = M,

for each x € M.

Proof. Since M is connected it is sufficient to prove the result locally. The proof is based on the BHC-
formula. We assume M = R?® and D = {X,Y} with rank {X,Y,[X,Y]} = 3 at zo; the generalization is
straightforward. Let A\ be a real number and consider the mapping

©x ¢ (t1,t2,t3) — exp AX exptsY exp —AX exp oY exp t1 X (xp).
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We prove that for A small but nonzero, ¢, is an immersion. Indeed using the BHC formula we have

At
gO,\(tl,tQ,tg) = eXp(th + (t2 + tg)Y + TS[X, Y] =+ )(.TJQ),

hence 9 9
P 23
—=(0,0,0) = X —=(0,0,0) =Y
8t1 ( s Uy ) (.130), at2 ( s YUy ) (1’0),
0 A
S2(0,0,0) = ¥ (w0) + 51X, Y] (o) + o(A)
Ot 2
Since XY, [X,Y] are linearly independent at z, the rank of ¢, at 0 is 3 for A # 0 small enough. O

Definition 9. The polysystem D is called weakly controllable if the orbit O(x) of G(D) is M for every
x € M. The polysystem D is called controllable if the orbit A(x) of S(D) is M for every x € M. The
polysystem D is said symmetric if for every X € D, we have —X € D.

Example 2. Let D = {Z, 8%} on R%. Hence O(0) = R? and A(0) = {x > 0,y > 0}. In general we have

that A(x) is a strict subset of O(z).

Corollary 1. Let D be a symmetric polysystem. Assume that
rank Dap, = n (dim M) for every x.

Then D is controllable. In the analytic case this rank condition is also necessary.

Proof. Since D is symmetric, we have: orbit S(D) = orbit G(D). Then we apply the Chow theorem. In the
analytic case, we apply the Nagano-Sussmann theorem. O

The symmetric case is the only case where we can conclude trivially that S(D) = G(D). In general the
problem to decide if a semi-group is transitive is difficult.
Nevertheless the following weaker result is true, see [31].

Proposition 2. Let D be a polysystem. If dim D sy, = n (dimM) for every x € M then for each neighborhood
V' of © there exists a nonempty open set U contained in V N A(x).

Proof. Let © € M. If dim M > 1, there exists X; € D such that X; # 0, otherwise we would have that
dim Dar(z) = 0. Consider the integral curve ay : t — exptXi(x). If dim M > 2, then there exists
in every neighborhood V of = a point y € M such that y = expt; X;(x) and vector field X5 € D such
that X5 and X; are not collinear at y, otherwise we would have dim D4 = 1. Consider the mapping
ag : (t1,t2) — exptaXgexpt1 Xq(x). If dim M > 3, then there exists in every neighborhood of y a vector
field X5 transverse to the image ay. With this method we construct in every neighborhood V' of & a mapping
ap i (t1, -+ tn) = expt, Xy - - - expt; X7 () such that in a point z = «a, (¢}, -+ ,t%) of V, i, is an immersion.
This construction provides a nonempty open set U sontained in V' N O(z). O]

2.1.7 Poisson Stability and Controllability

Definition 10. Let X be a C°°-vector field on M. The point xg € M is said Poisson stable if for every T > 0
and every neighborhood V' of xy then there exists t1,ta > T such that expt1 X (zo) and exp —ta X (xg) € V.
The vector field X is called Poisson stable if the set of Poisson stable points is dense in M.

Theorem 4. (Poincaré) [12] If M is a compact manifold with a volume form w, each conservative vector
field X is Poisson stable.

Proposition 3. Let D be a polysystem. Assume the following:
i) for every x € M, rank Dar(x) =n (dim M);

it) every vector field X € D is Poisson stable.
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Then the system is controllable.

Proof. Here is an outline of the proof, see [22] for details. Let z,y € M, we must show that there exists
X1, , Xk € D and t1,--- ,tx > 0 such that

y=expt1 X7 -exptpXg(x).

Since D satisfies the rank condition, we can apply Proposition 2 to D and —D to find the existence of
two points 2,4’ and two open sets U and V such that 2’ € U,y’ € V such that 2’ can be steered using
X; € D,—D to each point of U and each point of V' can be steered to 3’. To prove the proposition it is
sufficient to show that there exist two points 2” € U and y” € V such that " can be steered to y”. Since
the polysystem satisfies the rank condition, there exist p vector fields Y1, --- Y, and p nonzero (positive or
negative) real numbers s; such that

y =exps1Yy---exps,Yy(z”).

In the previous sequence each element exp s Yy corresponding to the negative time s can be nearby replaced
by an arc exp s, Y}, using the Poisson-stability of Y. The result follows. O

2.1.8 Application

A first application of Proposition 3 is to construct many controllable polysystems on compact manifolds
using Poincaré theorem.

Example 3. Take M = G a compact Lie group and D a polysystem whose each vector field is a right
imwvariant. Then the polysystem is controllable if and only if the rank condition is satisfied. In this case,
observe that D ay, is a Lie sub-algebra of g ~ T.G and hence is finite dimensional. There exist algorithms to
compute Dy,.

2.1.9 Controllability and Enlargement Technique

Let D be a polysystem satisfying the rank condition: rank D4y (x) = dim M for all z € M. To study the
controllability of such a polysystem, a powerful technique is the enlargement technique which was codified
by Jurdjevic-Kupka [18]. The principle is simple, we enlarge D using operations which are not modifying
the controllability of D. We shall briefly explain these operations. See also [17].

Lemma 1. Let D be a polysystem such that rank Dar(x) = dim M for all x. Then the polysystem D is
controllable if and only if the adherence of S(D)(x) is M for every x € M.

Proof. Use Proposition 2. O

Definition 11. Let D, D’ be two polysystems satisfying the rank condition. We say that D and D' are
equivalent if for every x € M : S(D)(z) = S(D')(z). The union of all polysystem D’ equivalent to D is
called the saturated of D and is denoted by sat D.

Clearly a polysystem D is controllable if and only if sat D is controllable. Now, we define the codified
operations.

Proposition 4. Let D be a polysystem, then the conver cone generated by sat D is equivalent to D.

Proof. Clearly if X € D then AX € sat D for every A > 0 (reparameterization). Let X,Y € D, using BHC
formula we have

t t 1
H exp—Xexp—Y =exp(t(X +Y) + o(—)).
: n n n
n times

Taking the limit when n — 400, we have X +Y € sat D. O
Proposition 5. Let X € D and assume X Poisson stable, then —X € D.

Proof. Tt is a consequence of the proof of Proposition 3. 0
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Proposition 6. If +X,+Y € D, then £[X,Y] € sat D.
Proof. Apply the BHC formula. O

Example 4. Consider a control system of form

m

(t) = Fo(a(t) + Y Fi(x(t))u(t)

=0

2
where the u;(t) are piecewise constant functions in {£1}. Let m =1, Fy = <x2) P = (?) , resulting in

0
#(t) = (”@ + (?) u(t).

Then, for the polysystem D = (Fy, F1), the first terms of the Lie algebra D 4y, are:

_ 0F, oFy , (0 2z (0 0 0\ [23) _ (2
[Fo,Fl]&UFleFo(O 0 1) \o o)/\lo)=\0o )
2
7,71l il = ()
Then it is clear that dim D45, = 2, and the rank condition is satisfied. However, consider any trajectory

beginning with x2(0) > 0. Then the system is not controllable, as these trajectories can not move in the
negative x1 direction. This shows that the rank condition is necessary but not sufficient for controllability.

Definition 12. Let D be a polysystem on M. The normalizer N (D) of D is the set of diffeomorphisms ¢
on M such that for every x € M, p(z) and ¢~ (z) belong to the adherence of S(D)(x).

Proposition 7. Let D be a polysystem, X be an element of D and ¢ € N(D). Then ¢+ X belongs to sat D.
Proof. Let Y = ¢ x X, then we have

y = (exptY)(z) = poexptX op ()
Hence y belongs to the adherence of S(D)(x). The proposition follows. O

Proposition 8. If D is a polysystem, then the closure of D for the topology of uniform convergence on the
compact sets belongs to sat D.

Proof. If X,, — X when n — 4o for the above topology, then exptX,, — exptX when n — 400 on each
compact set. O

Consider the linear system of R™ : &(t) = Axz(t) + Bu(t),u(t) € RP, A, B constant matrices. Then the
linear system is controllable if and only if the rank of R = [B,---, A" 'B] is n. Indeed, the system can
be written & = Ax(t) + >.7_, w;(t)b; and we introduce the polysystem D = {Az + > 7_ w;bj;u; € RP}.
Computing we have

Dy, = Az & ImR

and the rank is minimal at 0 and equals to the rank of R. Since the system is analytic, we must have
rank R = n.
Let us prove the converse. Let ¢ € {1,--- ,p} then +b; € sat D. Indeed for every n € N

1
—(Ax + Bu) € sat D
n

and setting u; = ne,e = £1 we have

. 1
lim —
n—4+oco N

(A + neb;) = eb; € sat D.
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Hence for every A € R, we have
exp Ab; x Ax € sat D.

Computing we obtain

k
exp \b; * Az = Z %adkbi(Ax)
k>0

and ad*b;(Az) = 0 for k > 2. Hence for A # 0 we have

1 1
m exp \b; x Ax = W(Aac — MAb;) € sat D.

Taking the limit when A — oo we obtain +Ab; € sat D. Then we repeat the same operation, replacing b; by
Ab;. At the end we have

Span{b;,--- ,Akb;,---;i=1,--- . p} =R € sat D
The result is proved.

Proposition 9. Consider the following affine system on M :

#(t) = Fo(a(t) + Zui(t)Fi(x(t)), ui(t) € R.

Let D be the distribution
x — Span{Fy(z),--- , Fp(x)}.

If rank Dy, = dim M, for all x € M, then the system is controllable.

Proof. As before for every n € N,u; = ne,e = +1,u; =01if j #1

1

—(Fy + neF;) € sat D

n

and by making n — 400 we have +F; € satD fori =1,--- | p. Applying Proposition 6 we have D 4, € satD.
If D4y, is of rank n, the system is controllable. O

2.1.10 Evaluation of the Accessibility Set

The Baker-Campbell-Hausdorff formula can be used to make evaluation the accessibility set by constructing
an approximation cone. In spirit it is similar to the idea pf Pontryagin maximum principle where we
construct the first order Pontryagin cone. This was extensively used by Hermes [15] to get higher order
necessary optimality conditions along a singular arc.

Definition 13. A rational polynomial is an expression of the form Zi’:l c;t?, where Il € Nyt > 0 small
enough, q¢; € Q and ¢; € R. It is called positive if ¢; > 0 for all i = 1,--- 1. Let XY € V(M),D be
thepolysystem {X, Y}, Dy, the Lie algebra generated by D. We denote by £ the set of germs of vector fields
W such that there exists k € N and rational polynomials v - 1y, s1,-- -, Sk : [0,€] = R such that

expri(t) X exp sp(t)Y ---expri(t) X exps1 ()Y = exp(t{W + O(t%))
with oo > 1.
From the BHC formula, the set £ is contained in D 4. We shall prove the following result.

Theorem 5. The set £ is Dy,
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In order to prove this result we need several lemmas and the following two formulae

expt1 X exptaWexp —t1 X = exp (tz(z k—l'ade(W) + o(t?))> (2.3)
k=0 """
tito t1t3
expt1 X exptoW = exp(t1 X + toW + —[X, W]+ HHX’ W1, W]
24
2ty 22 (24)

Lemma 2. The set £ is conver.

Proof. Let A € [0,1] and Wy, Wy € £. Then there exists k1, k2 € N and rational polynomials such that
expry, (1) X - -expsi(t)Y = exp(tW; + O(t%))
expri, ()X - -expsi(t)Y = exp(tWs + O(t%))

Hence we have

exp(r,i1 A)X)--- exp(s}()\t)Y) exp(r,zgz(l — )X -- ~exp(s§(1 - )Y
= exp(AMtW7 + (1 — /\)tWQ + O(tu))

where a > 1. Hence A\W; + (1 — \)W7 € £. O
Lemma 3. The vector fields —X and —Y belong to €.
Proof. For a, 8 € R we have
exp(atX) exp(ftY) = exp(t(aX + BY) + O(t?)).
If we set a =—1,8=0, we have —X € &, and if we set « = 0,5 = —1, we have —Y € £. O

Proof. (Theorem 5). We must show that if £W € &, then +£[X, W] and £[Y,W] € £. Since W € €,
there exist rational polynomials such that

exprr(t)X - -exps1 ()Y = exp(tW + O(t%))
expry(t)X - -expsi(t)Y = exp(—tW + O(t%))

with o > 1. Let 8 € Q with 0 < 8 < 1 and a8 > 1. Then

exp(t' P X) exp(t’W + O(t°P)) exp(—t' =P X) exp(—t° W + O(t*F))
= exp(t?W + t[X, W] + -+ ) exp(—t° W + O(t*7))
=exp(t[X,W]+---).

This proves that [X, W] € £. Hence by reccurrence we show that
+lad™Y, [ad* 1 X, [+, [ad™ X, Y]]

belongs to €. Since these Lie brackets are generating D 47, the theorem is proved. O
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